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a b s t r a c t
Let G be a graph with the vertex set V (G), and let f : V (G) → {−1, 1} be a two-valued
function. IfGhas no isolated vertices and
∑
x∈N(v) f (x) ≥ 1 for each v ∈ V (G), whereN(v) is
the neighborhood of v, then f is a signed total dominating function onG. A set {f1, f2, . . . , fd}
of signed total dominating functions on G with the property that
∑d
i=1 fi(x) ≤ 1 for each
x ∈ V (G) is called a signed total dominating family (of functions) on G. The maximum
number of functions in a signed total dominating family on G is the signed total domatic
number of G, denoted by dSt (G).
In this articlewemainly present upper bounds on dSt (G), in particular for regular graphs.
As an application of these bounds, we show that dSt (G) ≤ n − 3 for any graph G of order
n ≥ 4 without isolated vertices. Furthermore, we prove the Nordhaus–Gaddum inequality
dSt (G)+ dSt (G) ≤ n− 3 for graphs G and G of order n ≥ 7 without isolated vertices, where
G is the complement of G.
© 2011 Elsevier B.V. All rights reserved.
For notation and graph theory terminology we in general follow [3]. Specifically, we consider finite, undirected and
simple graphs Gwith the vertex set V (G). The order n = n(G) of a graph G is the number of its vertices. If v is a vertex of the
graph G, then N(v) = NG(v) is the open neighborhood of v, i.e., the set of all vertices adjacent to v. The closed neighborhood
N[v] = NG[v] of a vertex v consists of the vertex set N(v) ∪ {v}. The number dG(v) = d(v) = |N(v)| is the degree of the
vertex v ∈ V (G), and δ(G) and∆(G) are theminimum degree andmaximum degree of G, respectively. If A ⊆ V (G) and f is a
mapping from V (G) into some set of numbers, then f (A) =∑x∈A f (x).
A signed dominating function is defined in [1] as a function f : V (G) → {−1, 1} such that∑x∈N[v] f (x) ≥ 1 for each
v ∈ V (G). The sum f (V (G)) is called the weightw(f ) of f . The minimum of weightsw(f ), taken over all signed dominating
functions f on G, is called the signed domination number of G. A set {f1, f2, . . . , fd} of signed dominating functions on Gwith
the property that
∑d
i=1 fi(x) ≤ 1 for each vertex x ∈ V (G) is called a signed dominating family on G. Themaximumnumber of
functions in a signed dominating family on G is the signed domatic number of G. The signed domatic number was introduced
in [10] and has been studied in, e.g., [7–9].
Zelinka [12] developed an analogous theory for signed total domination that arises when we simply change ‘‘closed’’
neighborhood in the definition of signed domination to ‘‘open’’ neighborhood. A signed total dominating function is defined
in [12] as a two-valued function f : V (G) → {−1, 1} such that∑x∈N(v) f (x) ≥ 1 for each v ∈ V (G). Note that the signed
total dominating function only exists for graphs without isolated vertices. The sum f (V (G)) is called the weight w(f ) of f .
The minimum of weightsw(f ), taken over all signed total dominating functions f on G, is called the signed total domination
number of G, denoted by γ St (G). Signed total domination has been studied in, e.g., [4,6,11,12].
A set {f1, f2, . . . , fd} of signed total dominating functions on G with the property that∑di=1 fi(x) ≤ 1 for each vertex
x ∈ V (G) is called a signed total dominating family on G. The maximum number of functions in a signed total dominating
family on G is the signed total domatic number of G, denoted by dSt (G). In this paper we continue the study of signed total
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domatic numbers in graphs started by Henning [5] in 2006 and also studied in [2]. Henning [5] presented the following two
basic results, which are useful for our investigations.
Theorem 1 (Henning [5]). For any graph G without isolated vertices,
1 ≤ dSt (G) ≤ δ(G).
Theorem 2 (Henning [5]). The signed total domatic number is an odd integer.
First we will prove a further important basic property of the signed total domatic number for graphs which contain a
vertex of even degree at least 2.
Theorem 3. Let G be a graph without isolated vertices, and let v be a vertex of even degree dG(v) = 2r with an integer r ≥ 1.
Then
dSt (G) ≤

r when r is odd
r − 1 when r is even.
Proof. Suppose to the contrary that d = dSt (G) ≥ r + 1 when r is odd and d = dSt (G) ≥ r when r is even. In view of
Theorem 2, we deduce that d = dSt (G) ≥ r + 2 when r is odd and d = dSt (G) ≥ r + 1 when r is even. Let now {f1, f2, . . . , fd}
be a corresponding signed total dominating family on G. The definition of the signed total dominating function implies that∑
x∈N(v) fi(x) ≥ 1 for every i ∈ {1, 2, . . . , d}. Since dG(v) = 2r is even, on the left hand side of these inequalities, a sum of
an even number of odd summands occurs. Therefore it is an even number, and hence it follows that
∑
x∈N(v) fi(x) ≥ 2 for
every i ∈ {1, 2, . . . , d}. Combining this with∑di=1 fi(x) ≤ 1 for each x ∈ V (G), we obtain
2r ≥
−
x∈N(v)
d−
i=1
fi(x) =
d−
i=1
−
x∈N(v)
fi(x) ≥ 2d.
This leads to r ≥ d, a contradiction to d ≥ r + 1. 
Restricting our attention to graphs G of even minimum degree, Theorem 3 leads to a considerable improvement of the
upper bound of dSt (G) given in Theorem 1.
Corollary 4. If G is a graph of even minimum degree δ = δ(G) ≥ 2, then
dSt (G) ≤

δ
2
when δ ≡ 2(mod 4)
δ − 2
2
when δ ≡ 0(mod 4).
Theorems 1 and 3 imply the next corollary immediately.
Corollary 5 (Guan and Shan [2]). If G is a δ-regular graph with δ ≥ 1, then
dSt (G) ≤

δ when δ is odd
r when δ = 2r and r is odd
r − 1 when δ = 2r and r is even.
Next we derive two structural results on graphs with maximal possible signed total domatic number.
Theorem 6. Let G be a (2r + 1)-regular graph with an integer r ≥ 0. If d = dSt (G) = 2r + 1 and {f1, f2, . . . , fd} is a signed
total dominating family on G, then
∑d
i=1 fi(u) = 1 and
∑
x∈N(u) fi(x) = 1 for each u ∈ V (G) and each i ∈ {1, 2, . . . , 2r + 1}.
Proof. Let u be an arbitrary vertex of G. Because
∑2r+1
i=1 fi(x) ≤ 1 for every x ∈ V (G), each of these sums contains at
least r summands of value −1. The definition of the signed total dominating function leads to∑x∈N(u) fi(x) ≥ 1 for each
i ∈ {1, 2, . . . , 2r+1}. Since |N(u)| = 2r+1, each of these sums contains at least r+1 summands of value 1. Consequently,
the double sum−
x∈N(u)
2r+1−
i=1
fi(x) =
2r+1−
i=1
−
x∈N(u)
fi(x) (1)
contains at least (2r+1)r summands of value−1 and at least (2r+1)(r+1) summands of value 1. As the sum (1) consists of
exactly (2r+1)(2r+1) summands, we conclude that∑2r+1i=1 fi(x) contains exactly r summands of value−1 and∑x∈N(u) fi(x)
contains exactly r + 1 summands of value 1 for each i ∈ {1, 2, . . . , 2r + 1}. This leads to the desired result, and the proof of
Theorem 6 is complete. 
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Theorem 7. Let G be a 2r-regular graph with an odd integer r ≥ 1. If d = dS(G) = r and {f1, f2, . . . , fd} is a signed total
dominating family on G, then
∑d
i=1 fi(u) = 1 and
∑
x∈N(u) fi(x) = 2 for each u ∈ V (G) and each i ∈ {1, 2, . . . , r}.
Proof. Letu ∈ V (G)be an arbitrary vertex, and let r = 2k+1. Because∑2k+1i=1 fi(x) ≤ 1 for every x ∈ V (G), each of these sums
contains at least k summands of value−1. The definition of the signed total dominating function leads to∑x∈N(u) fi(x) ≥ 1
for each i ∈ {1, 2, . . . , r}. Since |N(u)| = 2r is even, on the left hand side of these inequalities, a sum of an even number
of odd summands occurs. Therefore it is an even number, and we obtain
∑
x∈N(u) fi(x) ≥ 2 for each i ∈ {1, 2, . . . , r}. This
implies that these sums contain at least r + 1 = 2k+ 2 summands of value 1. Consequently, the double sum
−
x∈N(u)
2k+1−
i=1
fi(x) =
2k+1−
i=1
−
x∈N(u)
fi(x) (2)
contains at least 2rk summands of value−1 and at least r(2k+ 2) summands of value 1. As the sum (2) consists of exactly
2r(2k + 1) summands, we conclude that∑2k+1i=1 fi(x) contains exactly k summands of value −1 and∑x∈N(u) fi(x) contains
exactly 2k+ 2 summands of value 1 for each i ∈ {1, 2, . . . , r}. This yields the desired result, and the proof is complete. 
Now we present upper bounds on the signed total domatic number for δ-regular graphs, which improve Corollary 5 for
large δ. We start with a useful lemma.
Lemma 8. Let G be a graph without isolated vertices of order n ≥ 2. Assume that f (x) = 1 for at least t vertices x ∈ V (G) for
each signed total dominating function f on G. If d = dSt (G) = 2k+ 1 (note that Theorem 2 implies that dSt (G) is odd), then
nk+ t(2k+ 1) ≤ n(2k+ 1). (3)
Proof. Let {f1, f2, . . . , fd} be a signed total dominating family on Gwith d = dSt (G) = 2k+1. Since
∑2k+1
i=1 fi(x) ≤ 1 for every
x ∈ V (G), each of these sums contains at least k summands of value−1. Since fi(x) = 1 for at least t vertices x ∈ V (G) and
each 1 ≤ i ≤ 2k+ 1, we conclude that the sum−
x∈V (G)
2k+1−
i=1
fi(x) =
2k+1−
i=1
−
x∈V (G)
fi(x) (4)
contains at least nk summands of value −1 and at least (2k + 1)t summands of value 1. As the sum (4) consists of exactly
n(2k+ 1) summands, we obtain the desired inequality
nk+ t(2k+ 1) ≤ n(2k+ 1). 
Theorem 9. If G is a (2r + 1)-regular graph of even order n = 2p ≥ 2 with an integer r ≥ 0, then
dSt (G) ≤

p when p is odd
p− 1 when p is even.
Proof. If f is an arbitrary signed total dominating function on G, then we first show that f (x) = 1 for at least p+ 1 vertices
x ∈ V (G). Because |N(u)| = 2r + 1 and∑x∈N(u) f (x) ≥ 1 for each vertex u ∈ V (G), we observe that f (x) = 1 for at least
r + 1 vertices x ∈ V (G).
Suppose that there exist exactly s ∈ {r + 1, r + 2, . . . , p} vertices u1, u2, . . . , us such that f (ui) = 1 for 1 ≤ i ≤ s. If
we adopt the notation V+ = {u1, u2, . . . , us} and V− = V (G) \ V+, then |V−| = 2p − s and f (v) = −1 for each v ∈ V−.
Because
∑
x∈N(u) f (x) ≥ 1 for each vertex u ∈ V (G), each vertex u ∈ V+ is adjacent to at most r vertices in V−. Thus there
are at most sr edges between V+ and V−. Now we show that there exists a vertexw ∈ V− with at most r neighbors in V+.
Suppose to the contrary that each vertex v ∈ V− has at least r + 1 neighbors in V+. Then there are at least (r + 1)(2p− s)
edges from V− to V+, and as s ≤ p, we obtain the contradiction
(r + 1)(2p− s) ≥ (r + 1)p > rp ≥ rs.
Consequently, there exists a vertex w ∈ V− with at most r neighbors in V+, and so we arrive at the contradiction∑
x∈N(w) f (x) ≤ −1. This contradiction shows that f (x) = 1 for at least p+ 1 vertices x ∈ V (G).
Now let {f1, f2, . . . , fd} be a signed total dominating family on G with d = dSt (G) = 2k + 1. Using (3) with n = 2p and
t = p+ 1, we obtain
2pk+ (p+ 1)(2k+ 1) ≤ 2p(2k+ 1).
This is equivalent to d = 2k+1 ≤ p, and hencewe have proved the desired bounds on the signed total domatic number. 
For 4r < n− 2 in Theorem 9, we will improve the bound considerably.
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Theorem 10. If G is a (2r + 1)-regular graph of even order n = 2p ≥ 2 with an integer 0 ≤ r < n−24 , then
dSt (G) ≤
n
4

.
Proof. If f is an arbitrary signed total dominating function on G, then we show that f (x) = 1 for at least p + 2 vertices
x ∈ V (G). By the proof of Theorem 9, we know that there are at least p+ 1 vertices x ∈ V (G)with f (x) = 1.
Suppose that there exist exactly p + 1 vertices u1, u2, . . . , up+1 such that f (ui) = 1 for 1 ≤ i ≤ p + 1. Let
V+ = {u1, u2, . . . , up+1} and V− = V (G) \ V+. Then |V−| = p − 1 and f (v) = −1 for each v ∈ V−. We observe that
each vertex u ∈ V+ is adjacent to at most r vertices in V−. Thus there are at most r(p+ 1) edges between V+ and V−. If we
suppose that each vertex v ∈ V− has at least r + 1 neighbors in V+, then there are at least (r + 1)(p− 1) edges from V− to
V+. Now the hypothesis 4r < n− 2 leads to the contradiction
(r + 1)(p− 1) > r(p+ 1).
Thus there exists a vertexw ∈ V− with at most r neighbors in V+, and so we arrive at the contradiction∑x∈N(w) f (x) ≤ −1.
Let {f1, f2, . . . , fd} be a signed total dominating family on G with d = dSt (G) = 2k + 1. Applying (3) with n = 2p and
t = p+ 2, we deduce that
2pk+ (p+ 2)(2k+ 1) ≤ 2p(2k+ 1).
This is equivalent to 2d = 4k+ 2 ≤ p, and hence we obtain d ≤ ⌊n/4⌋. 
Theorem 11. If G is a 2r-regular graph of order n ≥ 3 with an integer r ≥ 1, then
dSt (G) ≤

n
3

when n is oddn
4

when n is even.
Proof. Let n = 2p+ 1 when n is odd and n = 2pwhen n is even.
If f is an arbitrary signed total dominating function on G, then we first show that f (x) = 1 for at least p + 2 vertices
x ∈ V (G). Because |N(u)| = 2r and∑x∈N(u) f (x) ≥ 1 for each vertex u ∈ V (G), we observe that f (x) = 1 for at least r + 1
vertices x ∈ V (G).
Suppose that there exist exactly s ∈ {r + 1, r + 2, . . . , p+ 1} vertices u1, u2, . . . , us such that f (ui) = 1 for 1 ≤ i ≤ s. If
V+ = {u1, u2, . . . , us} and V− = V (G) \ V+, then |V−| = n− s and f (v) = −1 for each v ∈ V−. Because∑x∈N(u) f (x) ≥ 1
for each vertex u ∈ V (G), each vertex u ∈ V+ is adjacent to at most r − 1 vertices in V−. Thus there are at most s(r − 1)
edges between V+ and V−. Now we show that there exists a vertexw ∈ V− with at most r neighbors in V+. Suppose to the
contrary that each vertex v ∈ V− has at least r + 1 neighbors in V+. It follows that there are at least (r + 1)(n − s) edges
from V− to V+. If n = 2p is even, then p > r , and we obtain the contradiction
(r + 1)(n− s) = (r + 1)(p+ p− s) ≥ (r + 1)(p− 1)
= rp− r + p− 1 > rp− p+ r − 1
= (p+ 1)(r − 1) ≥ s(r − 1).
If n = 2p+ 1 is odd, then p ≥ r , and we obtain the contradiction
(r + 1)(n− s) = (r + 1)(p+ p+ 1− s) ≥ (r + 1)p
= rp+ p > rp− p+ r − 1
= (p+ 1)(r − 1) ≥ s(r − 1).
Consequently, there exists a vertex w ∈ V− with at most r neighbors in V+, and so we arrive at the contradiction∑
x∈N(w) f (x) ≤ 0. This contradiction shows that f (x) = 1 for at least p+ 2 vertices x ∈ V (G).
Now let {f1, f2, . . . , fd} be a signed total dominating family on G with d = dS(G) = 2k + 1. Using (3) with t = p + 2, it
follows that
nk+ (p+ 2)(2k+ 1) ≤ n(2k+ 1). (5)
If n = 2p + 1 is odd, then (5) is equivalent to 3k + 1 ≤ p or 3d = 6k + 3 ≤ 2p + 1 = n, and this leads to the desired
bound.
If n = 2p, then (5) is equivalent to 4k+ 2 ≤ p or 4d = 8k+ 4 ≤ 2p = n, and this leads to the desired bound. 
For a special case of Theorem 11 we next derive a better upper bound on the signed total domatic number.
Theorem 12. If G is a 2r-regular graph of odd order n = 2p+ 1 with an integer 1 ≤ r < n3 , then
dSt (G) ≤
n
5

.
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Proof. If f is an arbitrary signed total dominating function on G, then we show that f (x) = 1 for at least p + 3 vertices
x ∈ V (G). In view of Theorem 11, there are at least p+ 2 vertices x ∈ V (G)with f (x) = 1.
Suppose thatV+ = {u1, u2, . . . , up+2} is exactly the set of vertices such that f (ui) = 1 for 1 ≤ i ≤ p+2. IfV− = V (G)\V+,
then |V−| = p − 1 and f (v) = −1 for each v ∈ V−. We see that each vertex u ∈ V+ is adjacent to at most r − 1 vertices
in V−. Thus there are at most (r − 1)(p+ 2) edges between V+ and V−. If we suppose that each vertex v ∈ V− has at least
r + 1 neighbors in V+, then there are at least (r + 1)(p − 1) edges from V− to V+. The hypothesis 3r < n = 2p + 1 is
equivalent to
(r + 1)(p− 1) > (r − 1)(p+ 2),
and this is a contradiction. Hence there exists a vertex w ∈ V− with at most r neighbors in V+, and so we arrive at the
contradiction
∑
x∈N(w) f (x) ≤ 0.
Now let {f1, f2, . . . , fd} be a signed dominating family on Gwith d = dS(G) = 2k+ 1. Applying (3) with n = 2p+ 1 and
t = p+ 3, we obtain
(2p+ 1)k+ (p+ 3)(2k+ 1) ≤ (2p+ 1)(2k+ 1).
This is equivalent to 5k+ 2 ≤ p or
4k+ 2+ k = 2d+ d− 1
2
≤ p = n− 1
2
,
and this yields the desired bound. 
Theorem 13. If G is a graph without isolated vertices of order n ≥ 4, then
dSt (G) ≤

n− 3 when n is even
n− 4 when n is odd.
Proof. Since,with respect to Theorem2, dSt (G) is an odd integer, it is sufficient to show that d
S
t (G) ≤ n−3. If δ = δ(G) ≤ n−3,
then the desired inequality is a consequence of Theorem 1. For the remaining case n− 2 ≤ δ ≤ n− 1, we distinguish two
cases.
Assume that n− 2 = δ < ∆(G) = ∆ = n− 1. If δ is even, then it follows from Corollary 4 that
dSt (G) ≤
δ
2
= n− 2
2
≤ n− 3
for n ≥ 4. If δ is odd, then∆ = n− 1 ≥ 4 is even and thus n ≥ 5. Applying Theorem 3, we obtain
dSt (G) ≤
∆
2
= n− 1
2
≤ n− 3.
Assume next that G is δ-regular such that δ = n− 1 or δ = n− 2. If δ is odd, then Theorem 9 implies for n ≥ 6 that
dSt (G) ≤
n
2
≤ n− 3.
If n = 4, then δ = n − 1 = 3, and so Theorem 9 leads to dSt (G) ≤ 1 = n − 3. If n = 5, then δ = n − 2 = 3, but by the
handshaking lemma this is impossible. If δ is even, then we deduce from Theorem 11 for n ≥ 4
dSt (G) ≤
n
3

≤ n− 3. 
Finally, we present a Nordhaus–Gaddum type result involving the signed total domatic numbers of G and G, where G is
the complement of the graph G.
Theorem 14. If G and G are graphs without isolated vertices of order n ≥ 7, then
dSt (G)+ dSt (G) ≤

n− 3 when n is odd
n− 4 when n is even.
Proof. Since, in view of Theorem 2, dSt (G) and d
S
t (G) are odd integers, it is enough to show that d
S
t (G) + dSt (G) ≤ n − 3. In
the following let δ(G) = δ,∆(G) = ∆, δ(G) = δ and∆(G) = ∆. According to Theorem 1, we deduce that
dSt (G)+ dSt (G) ≤ δ + δ = δ + n−∆− 1. (6)
If∆− δ ≥ 2, then (6) implies dSt (G)+ dSt (G) ≤ n− 3 immediately.
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Next assume that∆− δ = 1. If δ is even, then it follows from Theorems 1 and 3 that
dSt (G)+ dSt (G) ≤
δ
2
+ δ = δ
2
+ n−∆− 1 = n− 2− δ
2
.
Since δ ≥ 1, this yields dSt (G)+ dSt (G) ≤ n− 3. If δ is odd, then∆ = δ + 1 is even. Applying Theorems 1 and 3, we obtain
dSt (G)+ dSt (G) ≤
∆
2
+ δ = ∆
2
+ n−∆− 1 = n− 1− ∆
2
.
In the case∆ ≥ 4, this leads to dSt (G)+dSt (G) ≤ n−3. If∆ = 2, then δ = 1 and therefore∆ = n−2 ≥ 5 and δ = n−3 ≥ 4.
If we distinguish now the cases δ even and δ odd and using the same arguments as above, we obtain the desired inequality.
Finally, assume that∆ = δ. Thismeans thatG is δ-regular andG is δ-regular. If δ is odd, then n is even and so δ = n−δ−1
is even. Hence Theorems 9 and 11 imply
dSt (G)+ dSt (G) ≤
n
2

+
n
4

≤ n− 3
for n ≥ 10. If n = 8, then Theorems 9 and 11 lead to dSt (G) + dSt (G) ≤ 3 + 2 = 5 = n − 3. If δ is even and n is odd, then
δ = n− δ − 1 is even. It follows from Theorem 11 for n ≥ 7 that
dSt (G)+ dSt (G) ≤
n
3

+
n
3

≤ n− 3.
If δ is even and n is even, then δ = n− δ − 1 is odd. Now we deduce from Theorems 9 and 11 for n ≥ 10 that
dSt (G)+ dSt (G) ≤
n
4

+
n
2

≤ n− 3.
If n = 8, then again Theorems 9 and 11 yield the desired result, and the proof is complete. 
If H is a 3-regular graph of order 6 (note that there exist exactly two such graphs), then it is straightforward to verify that
dSt (H) = 3 and dSt (H) = 1, and thus dSt (H) + dSt (H) = 4 = n − 2. This example demonstrates that the condition n ≥ 7 in
Theorem 14 is necessary.
Corollary 15. If G and G are graphs without isolated vertices of order n ≥ 7, then
dSt (G) ≤

n− 4 when n is odd
n− 5 when n is even.
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